ABSTRACT. The purpose of this paper is to give several characterizations of the continua in which all connected subsets are arcwise connected. Whyburn characterized the continua which contain no punctiform and no totally imperfect connected set in [11]. In this paper we shall characterize the continua in which all connected subsets are arcwise connected. We shall obtain several of Whyburn's partial results as corollaries. We shall also give some relations among these three classes of continua.
The continua in which all connected subsets are arcwise connected and the continua which contain no punctiform or totally imperfect connected set have a long history. See for example Kuratowski and Knaster [4] , Whyburn [10]- [14] , and Tymchatyn [8] . Whyburn characterized the continua which contain no punctiform and no totally imperfect connected set in [11] . In this paper we shall characterize the continua in which all connected subsets are arcwise connected. We shall obtain several of Whyburn's partial results as corollaries. We shall also give some relations among these three classes of continua. 1 . Definitions and preliminaries. Our notation largely follows Whyburn's Analytic topology [9] . We shall collect here some definitions for the convenience of the reader. A continuum is a nondegenerate, compact, connected, metric space. A continuum is said to be (i) hereditarily locally connected if each subcontinuum is locally connected;
(ii) finitely Suslinian if each sequence of pairwise disjoint subcontinua forms a null sequence, i.e. the diameters of the subcontinua converge to zero; It is known (see [9, Chapter V], [7] and [8] ) that (v) => (iv) => (iii) => (ii) ■* (i) and none of these implications can be reversed.
We shall use the following proposition. Its proof is an easy exercise. Proposition 1.1. Let (X, d) be a metric space and let A C B C X. If A is closed and for each e > 0, {x EB$(x, A) > e} is closed, then B is closed.
Let C be a connected and locally connected space. A point p G C is said to be a cutpoint of C if C\{p} is not connected. The point p G C is said to be a local cutpoint of C if p is a cutpoint of some connected neighbourhood of p. We let L(C) denote the set of local cutpoints of C.
A set K is said to be a-compact if it is the union of a countable family of compact sets.
The following theorem with the additional hypothesis that C be locally compact appears as an exercise in [9, p. 63]. Proof. Let U be a countable base for C such that each member of U is connected and open. It is easy to check that p G L(C) if and only if p is a cutpoint of some member of U. By [9, III.5.3] for each U E U the set of cutpoints of U is a-compact. Hence, L(C) is a-compact since it is the union of a countable family of a-compact sets.
The following theorem generalizes to local cutpoints a theorem of Whyburn [9,111.1.54].
Theorem 13. If M is a connected and locally connected, separable, metric space and C is a dense, connected and locally connected subset of M then L(M)\L(C) is at most countable.
Proof. Just suppose that the theorem fails. Let U be a countable base for M such that each member of U is connected and open. As in the proof of Theorem 1.2 there is a U E U such that uncountably many points of L(M)\L(C) axe cutpoints of U. By [9, III.3.1] there is an uncountable subset D of L(M)\L(C) such that every point of D is of potential order at most two in U relative to D. Since U is open in M every point of D is of potential order at most two in M relative to D. In particular, there exist a, b ED such that M\{a, b} is not connected. Since C is dense in M, C\{a, b} is not connected. Since C is connected we may assume a EC. If C\{b} is not connected then b is a cutpoint and hence a local cutpoint of C. If C\{b} is connected then a is a local cutpoint of C since a disconnects the connected neighbourhood C\{b} of a in C. This is a contradiction.
Let C be a connected space and let A EC. We say that A is a cutting of C if CV4 is not connected. It is known (see [6, p. 244] ) that each cutting of a connected, locally connected, separable, metric space C between a and b where a, b EC contains an irreducible cutting of C between a and b and each irreducible cutting of C between a and b is closed. Lemma 1.4. Let C be a connected, locally connected, metric space, let a, b E C and let A C C\L{C). If A is an irreducible cutting of C between a and b then A has no isolated points. In particular, if C is topologically complete then A contains a Cantor set.
Proof. Just suppose that p is an isolated point of A. Then A\{p} is closed in C since A is closed in C. Since A is an irreducible cutting of C between a and b, A\{p} is not a cutting of C between a and b. Since C is locally connected there is a component V of C\A\{p}) such that a, b E V. Since p cuts the open set V, p E ¿(C). Lemma 1.5. Let X be a hereditarily locally connected continuum and let C be a connected and nondegenerate set in X. Then ¿(C) is dense in C.
Proof.
Let xEC and let U be a neighbourhood of x in X such that C is not contained in U. Let y E C\U. By [9, V.3.3] there is a neighbourhood Kof x in X with countable boundary Bd(K) such that V U Bd(F) C U.
By [9, V.2.5] C is locally connected. Since Bd(V) n C disconnects C between x and y an irreducible subset D of Bd(K) n C disconnects C between x and y. Now, D contains an isolated point of D since otherwise Bd(P) would contain a Cantor set. Since D is an irreducible cutting of C between x and y every isolated point of D is in ¿(C). Hence, ¿(C) n Î7 is nonvoid and ¿(C) is dense in C.
2. Finitely Suslinian continua. In this section we shaU obtain several results concerning arcwise connectedness of sets in finitely Suslinian continua.
Let A' be a space and let C C X If x EC the arc component ofx in C is {y E C\y = JC or there is an arc in C with end points x and y}.
The set C is said to be arcwise connected if it has precisely one arc component. Since X is finitely Suslinian the sets Ai+ X\A¡, i -1,2, ... , form a null sequence. Hence, if d is a metric for X and e > 0 there exists a natural number n such that {xEA U B\d(x, A) > e} C An.
Thus, {x G A U 5|c?(x, ^4) > e} is compact and, hence, closed in X. The set A is also closed in X since it is compact. By Proposition 1.1, A U B is closed in X. Thus, ^ U B is a continuum such that ACAUBCCUA. Proof. Let K be an arc component of C and let x1( x2, . . . be a sequence in K which converges to x in C. By Lemma 2.1 the compact set {x, xx, x2,... } C B C K U {x} where B is a continuum. Since X is hereditarily locally connected B is arcwise connected.
Lemma 23. Let X be a finitely Suslinian continuum and let C be a subset ofX. Let ~ be an equivalence relation on C such that each equivalence class of is an arcwise connected and closed set in C. Then ~ is an upper semicontinuous relation on C.
Proof. Every sequence of equivalence classes of ~ is a null sequence. Thus, ~ is upper semicontinuous (see [9, p. 122] ).
The next result answers affirmatively a question raised by the author in [8] .
Theorem 2.4. Let X be a finitely Suslinian continuum and let C be a connected set in X. If K is a connected set in L(C) then K is arcwise connected.
Proof. As in the proof of Theorem 1.3, K\L(K) is at most countable. By (c) If C is a connected Gô in X and x, y EC then there is an arc A E C such that x, y E A and A\LiC) is at most countable.
(d) IfCis a connected GB in X, Ax, A2, . . . is a sequence of pairwise disjoint, closed subsets of C, and x E Ax and y EA2 then a countable subset of C\iAx U A2 U • • • ) separates x and y in C.
(b'), (c') and (d') are obtained from (b), (c), and id), respectively, by replacing the condition "C is a connected Gô " by "C is a connected set".
Proof. It is clear that (b') ■* (b), (c') ■» (c) and (d') => (d).
(a) >* (b'). We suppose that (b') faüs and show that (a) also fails. Let C be a connected set in X such that ¿(C) EAX U A2 U • • • where the A¡ are pairwise disjoint, nonempty, closed sets in C. We may suppose without loss of generality that C is dense in X. Let nwi^nci^.))).
Since Y is a Gs in X, Y is topologically complete. Since C is a dense, connected subset of Y, Y is connected.
By a theorem of F. Bernstein (see [4] ) Y = P U Q where neither P nor Q contains a Cantor set. Let
We shall prove that Z is a connected set that is not arcwise connected. is uncountable. An uncountable Gs in a topologically complete, separable, metric space contains a Cantor set. Thus, M <£ P and so K <£ Z. Since A was an arbitrary arc in Y with endpoints x and y, Z is a connected set in AT which is not arcwise connected. We have proved that (a) also fails.
(b) => (a). We suppose that (a) fails and prove that (b) also fails. Let C be a connected set in X that is not arcwise connected. Let ~ be the equivalence relation on C that decomposes C into its arc components. By Corollary 2.2 and Lemma 2.3, ~ is upper semicontinuous. Let n: C -» C/~ be the natural projection of C onto the quotient space C/~.
By Theorem 1.2 L(C) = C, U C2 U • • • where the C¡ axe compact sets. Let Axl = n~l(ir(Cx)) and let AXj. be empty for each/ > 1. Let n > 1 be a natural number. Then tt(Cn) is a compact metric space. We wish to show that 7t(C") is also totally disconnected.
For each x G C", 7r_1(7r(x)) n C" is a compact set. By Lemma 2.1 there is a continuum K(x) in 7r_1(7r(x)) which contains 7r_1(7r(x)) H C". We may suppose without loss of generality that if x, y E Cn such that it(x) = tt(y) then K(x) = K(y). It follows that if x, v G C" then the continua K(x) and K(y) axe either equal or disjoint. Since X is finitely Suslinian it follows by Proposition 1.1 that Gn = [J{K(x)\x E Cn} is compact. The components of Gn axe precisely the sets Ä^x) where x G C". Thus, 7tIg": Gn -* ^(^n) = ^(^n) *s a monotone map which acts on Gn by collapsing the components of Gn to points. It follows that ti(Gn) = ir(Cn) is totally disconnected.
The set 7t(C" (b') ■* (c'). We suppose that (c') fails and prove that (b') also fails. Let C be a connected set in X such that there exist x, y EC with the property that each arc in C with endpoints x and y contains uncountably many points of C\LiC). We can now argue exactly as in the proof that (b) "* (a) to show that (b') also faUs. (b') => (d'). We suppose that (df) fails and prove that (b') also fails. Let C be a connected subset of X such that there exist pairwise disjoint sets Ax, A2,... which are closed in C and x E Ax ,y E A2 such that no countable subset of C\AX U A2 U • • • ) separates x and y in C. Let Y = C1X(C)\ \J<ßx{A,) n C\x{Aj)).
For each i let B¡ = dYiAt). Then Y is a connected G5 in X since C is a dense connected set in Y. The sets Bi are pairwise disjoint closed sets in Y and no countable subset of Y\BX U B2 U • • • ) separates x and y. Let B = Bx U B2 U • • • . We shall prove that there is a connected subset E of Y such that x, y E E and L{E)\B is at most countable. Thus, (b') also fails.
We define by transfinite induction a nest of connected subsets (¿a) of Y as follows: Let ¿0 = Y. Let a be a countable ordinal number. Suppose that for each ordinal number n < a, En has been defined to be a connected subset of Y such that x, y E En and no countable subset of En\B separates x and y in En.
If n + 1 < a then there exist an + x, bn+x EEn such that En+X is the component of En\{an+X, bn + x} that containsx. If n is a limit ordinal then En = C\m<"Em. We suppose that for each n < a, L(En)\B is uncountable. Case 1. cu is the successor of the ordinal number m. By assumption L(Em)\B is uncountable. As in the proof of Theorem 1.3 there exist aa, ba E Em\B such that Em\{aa, ba} is not connected. Let Ea be the component of Em\{aa, ba} that contains x and y. Then no countable subset of Ea\B separates x and y in E.
Case 2. a is a limit ordinal. Let Ea be the component of r\"<aEn which contains x. We shall show that y E Ea and no countable subset of Ea\B separates x and y in Ea.
Let D be a countable subset of Ea. Let D' =JU \Jn<a^an+i' ^n + 0-Since D' is countable, x and y lie in the same component F of Y\D'. Now, F is a connected, locally connected, topologically complete, metric space. Hence, there is an arc G in F with endpoints x and y. By induction G C En for each n < a. Hence, x and y lie in the same component of Ea\D. Since X does not contain uncountably many pairwise disjoint arcs it follows that for some countable ordinal a, L(Ea)\B is at most countable. This completes the proof of the theorem.
We list a variety of conditions that may be satisfied by a finitely Suslinian continuum X.
(i) X is in class A.
(ii) C a connected Gs in X => L(C) has finitely many components. (xi) C a true cyclic element in X => C\¿(C) is countable.
(xii) Every irreducible cutting of X is finite.
(xiii) Every sequence of distinct simple closed curves in X is a null sequence.
(xiv) X is a dendrite.
In the following result we have listed some relations among the fourteen properties listed above. Neither the list of properties nor the set of relations Since TT is monotone and D is a continuum in Y, 7r-1(¿>) is a continuum in X. lfxE ii~xiD) such that tT1«*)) = {x} and x E ¿(Tr_1(¿))) then n{x) E ¿(D). For let V be a neighbourhood of* in n~~x{D) such that V\{x} =PUQ where P is separated from Q. If (x,) and (y¡) are sequences in P and Q respectively which converge to x then we have eventuaUy 7r(jcf) =£ Tiiy¡) since it is monotone and 7t-1(7t(x)) = {x}. Thus there is a closed neighbourhood Í/ of x in 7r_1(¿>) such that U E V and ir{U n P) Ci ti{U <~\ Q) = {tt(x)}. Since Jr_1(7r(x)) = {*} it foUows that 7r(£/) is a neighbourhood of -nix) in ¿). Now, 7r(i7)\7r(x) = 7r(f/ n P) U rr(f7 n 0. Since iUnP)U {x} and (f/ n 0 U {x} are compact sets it foUows that rr(i/ n ¿) and 7r(i/ n 0 are separated sets. Hence, tt(x) G L{D). Corollary 4.3. If X is a finitely Suslinian continuum that is not regular then X admits a monotone mapping onto a continuum which contains a punctiform connected set.
Proof. It was proved in [8] that X is not in class A by proving that X contains a subcontinuum C such that ¿(C) C Ax U A2 U • ■ ■ where the A¡ are pairwise disjoint, nonempty, compact sets. The coroUary now follows by Theorem 4.2.
A set is said to be totally imperfect if it contains no Cantor set. The following result (although it does not appear in the literature in precisely this form) is due to Whyburn [11]. Proof. The proof is parallel to that of Theorem 4.2.
